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Abstract 

Cylindrical probability measures are finitely additive measures on Banach spaces 
that have sigma-additive projections to Euclidean spaces of all dimensions. They 
are naturally associated to notions of weak (cylindrical) random variable and hence 
weak (cylindrical) stochastic processes. In this paper we focus on cylindrical Levy 
processes. These have (weak) Levy-Ito decompositions and an associated Levy- 
Khintchine formula. If the process is weakly square integrable, its covariance oper- 
ator can be used to construct a reproducing kernel Hilbert space in which the pro- 
cess has a decomposition as an infinite series built from a sequence of uncorrelated 
bona fide one-dimensional Levy processes. This series is used to define cylindrical 
stochastic integrals from which cylindrical Ornstein-Uhlenbeck processes may be 
constructed as unique solutions of the associated Cauchy problem. We demonstrate 
that such processes are cylindrical Markov processes and study their (cylindrical) 
invariant measures. 

Keywords and phrases: cylindrical probability measure, cylindrical Levy process, 
reproducing kernel Hilbert space, Cauchy problem, cylindrical Ornstein-Uhlenbeck 
process, cylindrical invariant measure. 
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1 Introduction 

Probability theory in Banach spaces has been extensively studied since the 1960s and 
there are several monographs dedicated to various themes within the subject - see e.g. 
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Heycr [5], Lindc [7], Vakhania ct al [16], Lcdoux and Talagrand [6]. In general, the 
theory is more comphcated than in EucUdean space (or even in an infinite-dimensional 
Hilbert space) and much of this additional complexity arises from the interaction between 
probabilistic ideas and Banach space geometry. The theory of typo and cotype Banach 
spaces (see e.g. Schwartz [15]) is a well-known example of this phenomenon. 
Prom the outset of work in this area, there was already interest in cylindrical probability 
measures (cpms), i.e. finitely additive set functions whose "projections" to Euclidean 
space are always bona fide probability measures. These arise naturally in trying to 
generalise a mean zero normal distribution to an infinite-dimensional Banach space. It 
is clear that the covariancc Q should be a bounded linear operator that is positive and 
symmetric but conversely it is not the case that all such operators give rise to a sigma- 
additive probability measure. Indeed in a Hilbert space, it is necessary and sufficient for 
Q to be trace-class (sec e.g. Schwartz [15], p. 28) and if we drop this requirement (and 
one very natural example is when Q is the identity operator) then we get a cpm. 
Cpms give rise to cylindrical stochastic processes and these appear naturally as the 
driving noise in stochastic partial differential equations (SPDEs). An introduction to 
this theme from the point of view of cylindrical Wiener processes can be found in Da 
Prato and Zabczyk [9]. In recent years there has been increasing interest in SPDEs 
driven by Levy processes and Peszat and Zabczyk [8] is a monograph treatment of this 
topic. Some specific examples of cylindrical Levy processes appear in this work and 
Priola and Zabczyk [10] makes an in-depth study of a specific class of SPDEs driven 
by cylindrical stable processes. In Brzczniak and Zabczyk [3] the authors study the 
path-regularity of an Ornstein-Uhlenbeck process driven by a cylindrical Levy process 
obtained by subordinating a cylindrical Wiener process. 

The purpose of this paper is to begin a systematic study of cylindrical Levy processes 
in Banach spaces with particular emphasis on stochastic integration and applications to 
SPDEs. It can be seen as a successor to an earlier paper by one of us (see Riedle [11]) in 
which some aspects of this programme were carried out for cylindrical Wiener processes. 
The organisation of the paper is as follows. In section 2 we review key concepts of 
cylindrical proabability, introduce the cylindrical version of infinite divisibility and obtain 
the corresponding Lcvy-Khintchine formula. In section 3 we introduce cylindrical Levy 
processes and describe their Levy-Ito decomposition. An impediment to developing the 
theory along standard lines is that the noise terms in this formula depend non-linearly on 
vectors in the dual space to our Banach space. In particular this makes the "large jumps" 
term difficult to handle. To overcome these problems we restrict ourself to the case where 
the cylindrical Levy process is square- integrable with a well-behaved covariance operator. 
This enables us to develop the theory along similar lines to that used for cylindrical 
Wiener processes as in Riedle [11] and to find a series representation for the cylindrical 
Levy process in a reproducing kernel Hilbert space that is determined by the covariance 
operator. This is described in section 4 of this paper where we also utilise this series 
expansion to define stochastic integrals of suitable predictable processes. 
Finally, in section 5 we consider SPDEs driven by additive cylindrical Levy noise. In the 
more familiar context of SPDEs driven by legitimate Levy processes in Hilbert space, it 
is well known that the weak solution of this equation is an Ornstein-Uhlenbeck process 
and the investigation of these processes has received a lot of attention in the literature 
(see e.g. Chojnowska-Michalik [4], Applcbaum [2] and references therein). In our case 
we require that the initial condition is a cylindrical random variable and so we are able 
to construct cylindrical Ornstein-Uhlenbeck processes as weak solutions to our SPDE. 
We study the Markov property (in the cylindrical sense) of the solution and also find 
conditions for there to be a unique invariant cylindrical measure. Finally, we give a con- 
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dition under which the Ornstein-Uhlenbeck process is "radonified" , i.e. it is a stochastic 
process in the usual sense. 

Notation and Terminology: IR+ ;= [O.oo). The Borcl o--algcbra of a topological space 
T is denoted by B{T). By a Levy process in a Banach space we will always mean a 
stochastic process starting at zero (almost surely) that has stationary and independent 
increments and is stochastically continuous. Wc do not require that almost all paths are 
necessarily cadlag i.e. right continuous with left limits. 

2 Cylindrical measures 

Let U he a, Banach space with dual U* . The dual pairing is denoted by {u, a) ior u £ U 
and a G U*. For each n e N, let [/*" denote the set of all n-tuples of vectors from U*. 
It is a real vector space under pointwise addition and scalar multiplication and a Banach 
space with respect to the "Euclidean- type" norm ||a(ii)|| := J2]^=i Ikfcll^, where a(ii) = 
(oi, . . . , o„) e Clearly U*" is separable if U* is. For each a(„) = (ai, . . . , a„) e J7*" 
we define a linear map 

7rai,...,o„ : U ^R", TTai,...,a„{'u) = ((w, Ol) , . . . , (u, a„)) . 

We often use the notation TTa^^j := TTai,...,a„ and in particular when a„ = a G [/*, we will 
write 7r(a) = a. It is easily verified that for each a(n) = (ai, . . . , o„) e U*" the map 7ra(„) 
is bounded with H'l'a;,,)!! ^ ||^(n)||- 

The Borel cr-algebra in U is denoted by B{U). Let F be a subset of U* . Sets of the form 
Z(ai, . . . , a„; := {u e [/ : ((m, ai), . . . , (w, a„)) e B] 

where ai, . . . , a„ G F and B G ,B(IR") are called cylindrical sets . The set of all cylindrical 
sets is denoted by Z{U, F) and it is an algebra. The generated a-algebra is denoted by 
C{U,T) and it is called the cylindrical a-algebra with respect to {U,T). If T = U* we 

write Z{U) := Z{U, F) and C{U) := C{U, F). 

From now on we will assume that U is separable and note that in this case, the Borel 
cr-algebra B{U) and the cylindrical cr-algebra C{U) coincide. 

The following lemma shows that for a finite subset T C U* the algebra Z(J7, F) is a 
cr-algebra and it gives a generator in terms of a generator of the Borel cr-algebra S(R"), 
where we recall that a generator of a a-algebra (£ in a space X is a set E in the power 
set of X such that the smallest cr-algebra containing E is (£. 

Lemma 2.1. /f F = {ai, . . . , a„} C U* is finite we have 

C{U,T) = Z{U,T) = a{{Z{a,,...,an;B) : B € J^}), 

where T is an arbitrary generator o/,8(R"). 

Proof. Because for any , . . . , Oij^ G F, k e {1, . . . ,n}, and B G B{1R!') we have 

Z{ai^,...,ai^;B) = Z(oi, . . . , a„; B) 
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by extending B suitably to B G B(]R") it follows that 

Z{U, r) = {Z{ai, ,...,ai,;B): ai„...,ai,eT,Be fc e {1, . . . , n}} 

= {Z(ai,...,a„;B) : B e B{lC)} 

The last family of sets is known to be a cr-algebra which verifies that C{U, T) = Z{U, T). 
Moreover, we have for every generator T of S(R") that 

^a-l..,a„(S(R")) = 7r-^...,„„(a(^)) = a(7r-^...,„„(^)), 

which completes the proof. □ 

A function /x : Z{U) [0, oo] is called a cylindrical measure on Z{U), if for each finite 
subset ret/* the restriction of /x to the cr-algebra C{U,T) is a measure. A cylindrical 
measure is called finite if n{U) < oo and a cylindrical probability measure if /x(J7) = 1. 
For every function f : U ^ <C which is measurable with respect to C{U,T) for a finite 
subset r C C/* the integral / f{u)fj,{du) is well defined as a complex valued Lebesgue 
integral if it exists. In particular, the characteristic function (^^ : [/* ^ (D of a finite 
cylindrical measure fj, is defined by 



V^(a) := / e'^'''"^ for all aeU*. 

Ju 



For each a(n) = (ai, . . . , a„) G U*" we obtain an image measure /x o n^^^^ on ;B(R"). 
characteristic function f^^^-i is determined by that of fj,: 



Its 



f^^onZ^l^ = + • • • + /3n«n) (2.1) 



forall/J=(/3i,...,/3„)GR". 

If Hi and /U2 are cylindrical probability measures on U their convolution is the cylindrical 
probability measure defined by 



{Hi*H2){A)= / lAix + y)tJ,i{dx)n2{dy), 
Ju 



for each A e Z{U). Indeed if ^ = 7r-i^(B) for some n € N,0(„) e C/*",S e fi(R"), 
then it is easily verified that 

(Ml * ^i2){A) = o ^-1^) * o ^-l,)(i?). (2.2) 

A standard calculation yields ^^11*^2 = ^m^^i^- For more information about convolution 
of cylindrical probability measures, see [13]. The n-times convolution of a cylindrical 
probability measure fi with itself is denoted by /x*". 

Definition 2.2. A cylindrical probability measure fi on Z{U) is called infinitely divisible 
if for alln G'N there exists a cylindrical probability measure jj}/^ such that fx = (/U^^") 
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It follow that a cylindrical probability measure /i with characteristic function ip^ is in- 
finitely divisible if and only if for all n € N there exists a characteristic function ^p^i/n 
of a cylindrical probability measure /x^/" such that 

(y9^(a) = for all a e U*. 

The relation (2.1) imphes that for every a(n) S C/*" and P = (/3i, . . .,/?„) e R" we have 

= ((^^i/„(/3iai H l-/3„a„))" 

Thus, every image measure /i o tt"'^ of an infinitely divisible cylindrical measure fj, is an 
infinitely divisible probability measure on ,B(]R"). 

Remark 2.3. A probability measure ^ on B{U) is called infinitely divisible if for each 
n e N there exists a measure /u^/" on S(C/) such that ii = (/x^/")™ (see e.g. Linde [7], 
section 5.1). Consequently, every infinitely divisible probability measure on B{U) is also 
an infinitely divisible cylindrical probability measure on Z{U). 

Because fj,oa~^ is an infinitely divisible probability measure on S(R) the Levy-Khintchine 
formula in IR implies that for every a & U* there exist some constants /3a G R and 
(To e R+ and a Levy measure Ua on B(R) such that 

VMW=<^Moa-i(l)=exp(j/3„-ia2+ / (e'7_i_i^i5^(^)) , (2.3) 

V -^mo} J 

where i?i:={/3eR: |/3|^1}. A priori all parameters in the characteristics of the 
image measure fio depend on the functional a G U*. The following result sharpens 
this representation. 

Theorem 2.4. Let /i be a cylindrical probability measure on Z{U). If fi is infinitely 
divisible then there exists a cylindrical measure u on Z{U) such that the representation 
(2.3) is satisfied with 

= V o for all a ^ U* . 

Proof. Fix a(n) = (ai, . . . , a„) € t/*" and let foi,...,o„ denote the Levy measure on S(R") 
of the infinitely divisible measure o 7r~^ . Define the family of cylindrical sets 

g := {Z(ai,...,a„;B) : ai,...,a„ e C/*,nG N,B G J^^,^^^}, 

where 

^a(„) := {(a,/3] C R" : (9(a, /3]) = 0, ^ [a,/?]} 

and d{a, 0\ denotes the boundary of the n-dimensional interval 

(a, 13] := {u = (wi, . . . , w„) G R" : aj < t;i < /3i, i = 1, . . . , n} 
for a = (ai, . . . , a„) G R", /? = (/3i, . . . ,/3„) G R". 
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Our proof relies on the relation 

lim 1 / lB(7)(/^o7r-^...,aJ**Mrf7)= f Ish) i^a,,...,aAdl)- (2.4) 

for all sets B G •^a(„)- This can be deduced from Corollary 2.8.9. in [14] which states 
that 

liml/ /(7)(/^o7r-i ,J**'=(rf7)= / fil) i^a.^.^ajdj) (2.5) 

for all bounded and continuous functions / : R" H which vanish on a neighborhood 
of 0. The relation (2.4) can be seen in the following way: let B = {a, /?] be a set in ^a^^-^ 
for a, /3 E ]R". Because ^ B there exists e > such that [a — e,/3 + e] where 
a — e := {ai — £,..., a„, — e) and P + e := {Pi + e, . . . , (in + £)■ Define for i = 1, . . . , n 
the functions ^fj : R ^ [0, 1] by 

9ric) - (l - ^) l(a.-s,..](c) + lK,ft](c) + (l - ^) l(ft,ft+e](c), 

and interpolate the function 7 1-^ 1(q./3] (7) for 7 = (71, ... , 7„) by 

/((71, • • • , 7n)) := 51(71) • • . • • 9n{ln)- 

Because Is ^ / ^ l(^a-e,0+s] we have 

1/ 1b(7) (MO J***" (rf7)<^ / /(7)(M0 7r-i ^„J**'=(d7) 

and 

/ /(7)z^ai,...,a„(rf7) ^ / l(a-e,/3+e](7)«^ai,...,a„(rf7) = ^^al,...,a„((Q!-e,/3 + e])• 
JR" -'K" 

Since / is bounded, continuous and vanishes on a neighborhood of 0, it follows from (2.5) 
that 

limsup^ / lB(7)(M°^ail...,aJ**Ht^7) ^J^ai,...,a„((a-e,/3 + £]). (2.6) 

By considering (a + s, P — e] C (q, p] we obtain similarly that 

i^a„...,a„((a + e,/3-e])<liminfl / ls(7) (m ° 'r-/,...,„J**'=('^7)- (2.7) 

Because i'oi,...,o„(^.B) = the inequalities (2.6) and (2.7) imply (2.4). 
Now we define a set function 

u:Z{U)^ [0,00], u{Z{ai,...,an;B)) := Va,,...,ar.{B). 

First, we show that v is well defined. For Z{ai, . . . , a„; B) G Q equation (2.4) allows us 
to conclude that 

r/(Z(ai,...,a„;S))= hm 1 / Ml){l^o7r-^l X^{dj) 
tk-^a tk Jian 

= hm 1 / 1b (7) (M**" o ^a',...,aJidl) 

tfc^U Ik Jli" 

= lim^ / lB(7rai,...,a„(w))At**'=(c^w) 
= lim l^**'=(Z(ai,...,a„;B)). 
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It follows that for two sets in Q with Z{ai, . . . , a„; B) = Z{bi, . . . , bm', C) that 

v{Z{ai, . . . , a„; B)) = i/{Z{bi, ...,bm; C)), 
which verifies that v is well defined on Q. 

Having shown that is wcU-dcfincd on Q for fixed a(n) — (ai, . . . ,a„) € [/*" wc now 
demonstrate that it's restriction to the a-algebra 2{U, {ai, . . . , a„}) is a measure so that 
it yields a cylindrical measure on Z{U). 
Define a set of n-dimensional intervals by 

n := {{a,p] C R" : 0^[a,(3]}. 

Because i'ai,...,a„ is a tr-finite measure the set 

W\-^a,„, = {(a,/3] e n : z^ai,...,a„(a(a,/3]) ^ 0} 

is countable. Thus, the set ^a(„) generates the same cr-algebra as H because the countably 
missing sets in ^a(„) can easily be approximated by sets in ^a(„) • But H is known to be 
a generator of the Borel a-algebra B(R") and so Lemma 2.1 yields that 

^a(„) := {Z{ai,...,an;B) : B & T^^^^} 

generates Z{U^ {ai, . . . , a„}). 

Furthermore, Ga^^^ is a semi-ring because .7^a(„) is a semi-ring. Secondly, v restricted to 
5a(„) is well defined and is a pre-measure. For, if {Z}. := Zk{ai, . . . , a„; B/.) : k € N} are 
a countable collection of disjoint sets in ^a(„) with UZk € ^a(„) then the Borel sets Bk 
are disjoint and it follows that 



H U = H U <-,aABk) ]=ui U Bk 

(\ CSO CSO 

y Bk =Y,''au-,aABk) = Y.'^{Zk). 
k^l J fe=l fe=l 

Thus, v restricted to ^Ja(„) is a pre-measure and because it is cr-finite it can be extended 
uniquely to a measure on Z(U, {oi, . . . , a„}) by Caratheodory's extension theorem, which 
verifies that is a cylindrical measure on Z{U). □ 

By the construction of the cylindrical measure u in Theorem 2.4 it folUows that every 
image measure v o Tr"^^ is a Levy measure on B(]R") for all a(n) € f/*". This motivates 

the following definition: 

Definition 2.5. A cylindrical measure v on Z{U) is called a cylindrical Levy measure if 
for all ai, . . . ,an G U* and n e N the measure z^ott"^ „^ is a Levy measure on B(]R"). 

Remark 2.6. Let be a Levy measure ly on B{U) (see [7] for a definition). Then, if 
Definition 2.5 is sensible v should be also a cylindrical Levy measure. That this is true, 
we explain in the following. 

According to Proposition 5.4.5 in [7] the Levy measure v satisfies 



sup / \{u,a)f' v{du) <OQ. (2.8) 

Ila|l<l 
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This result can be generalised to 

sup / \{u, a)\^ iy{du) < oo. (2.9) 

llall^l J{u:|{«,a)|^l} 

For, the result (2.8) relies on Proposition 5.4.1 in [7] which is based on Lemma 5.3.10 
therein. In the latter the set {w : ||u|| ^ 1} can be replaced by the larger set {w : |(M,a)| ^ 
1} for a e [/* with ||a|| < 1 because in the proof the inequality (hue -10, page 72 in [7]) 

1 - cost > y for all \t\ ^ 1, 

is applied for t = \\u\\ while we apply it for i = a)|. Then we can follow the original 
proof in [7] to obtain (2.9). From (2.9) it is easy to derive 

sup / \{u, a) f uidu) <oo (2.10) 

\\a\\^M J {u:\{u,a)\^N} 

for aU M, N ^ 0. 

For arbitrary a(n) = (ai, . . . , a„) G J7*" and Bn ■— {/3 G R" : ^ 1} we have that 

(Bn) = {u : {u, aif + ••• + («, a„)2 < 1} C {w : i((u, ai) + • • • + (m, a„))2 < 1} 

= {u : |(w, (ai H h an))| ^\/n} =: D, 

where we used the inequality (71 + • • • + 7„)^ < f^ili + • • • + 7^) for 71, . . . , 7„ e IR. It 
follows from (2.10) that 

Jb„ fc=iA,-:,,(B„) fc^i^D 

As a result we obtain that v \s & cylindrical Levy measure on B(]R"). 

In the next section wc will sharpen the structure of the Levy-Khintchine formula for 
infinitely divisible cylindrical measures. It is appropriate to state the result at this 

juncture: 

Theorem 2.7. Let ji he an infinitely divisible cylindrical probability measure. Then there 
exist a map r : f/* — > R, a quadratic form s : f/* — > R and a cylindrical Levy measure v 
on 2{U) such that: 



ip^{a) = exp I ir{a) - ^s{a) + / (e*'^ - 1 - 17 1bi (7)) (i^ o « ^){dl) 
for all aGU*. 



3 Cylindrical stochastic processes 

Let {fl,J^, P) be a probability space that is equipped with a filtration {!Ft}t^o- 
Similarly to the correspondence between measures and random variables there is an 
analogous random object associated to cylindrical measures: 
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Definition 3.1. A cylindrical random variable Y mU is a linear map 

Y :U* ^ L°{n,J^,P). 

A cylindrical process X in U is a family {X{t) : i ^ 0) o/ cylindrical random variables 
in U. 

The characteristic function of a cylindrical random variable X is defined by 

(fix - U* ^ C, <^x(a) = E[ex.p{iXa)]. 

The concepts of cylindrical measures and cylindrical random variables match perfectly. 
Indeed, if Z = Z{ai, . . . , a„; B) is a cylindrical set for ai, . . . , a„ e U* and B e B(]R") 
we obtain a cylindrical probability measure /j. by the prescription 

H{Z) := P{{Xau Xan) € B). (3.11) 

We call n the cylindrical distribution of X and the characteristic functions ipf^ and (px 
of /i and X coincide. Conversely for every cylindrical measure fi on Z{U) there exists 
a probability space {Q.,J^,P) and a cylindrical random variable X : U* ^ L^{U,,J^,P) 
such that n is the cylindrical distribution of X, see [16, VI. 3. 2]. 
By some abuse of notation we define for a cylindrical process X = {X{t) : t ^ 0): 

X{t):U*^^L\n,T,P;n^), X(i)(ai, . . . , a„) := (X(t)ai, . . . ,X(i)a„). 

In this way, one obtains for fixed (ai, . . . , a„) e U*^ an n-dimensional stochastic process 

(X(i)(ai,...,a„) : t ^ 0). 

It follows from (3.11) that its marginal distribution is given by the image measure of the 
cylindrical distribution /Xj of X{t): 

Pxit){au-,a„) = ° '^ar]...,an (3-12) 

for all ai, . . . , a„ e {/*". Combining (3.12) with (2.1) shows that 

V'X(t)(ai,...,a„)(A, • • • ,/3n) = V>X{t){0iai+-+0nan)W {3.13) 

for all ...,/?„ e R" and ai, . . . ,o„ e U*. 

We give now the proof of Theorem 2.7. 

Proof (of Theorem 2.7). 
Because of (2.3), i.e. 

V/^(a) = ^noa-^ (1) = exp I ipa / {c'^ - 1 - i-y Ib^ (7)) i^aidj) 

we have to show that 95^00-1 is in the claimed form. Theorem 2.4 implies that there 
exists a cylindrical Levy measure v such that i^a — v o a^^ for each a ^ U* . By defining 
r(a) := /3o it remains to show that the function 

s:U*^ R+, s{a) := al 
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is a quadratic form. Let X be a cylindrical random variable with distribution ji. By the 
Levy-Ito decomposition in R (see e.g. Chapter 2 in [1]) it follows that 

Xa = r{a)+aaWa+ f f3N^{d0)+f 0N^{dP) P-a.s., (3.14) 

J0<\P\<1 J\P\>i 

where Wa is a real valued centred Gaussian random variable with EW^ = 1, Na is 
an independent Poisson random measure on ]R\{0} and Na is the compensated Poisson 
random measure. 

By applying (3.14) to Xa, Xb and X{a + b) for arbitrary a,b G U* we obtain 

aa+bWa+b = OaWa + CTftWb P-a.S. (3.15) 

Similarly, for /3 e R we have 

0(iaWfia=&CJaWa P-a.S. (3.16) 

By squaring both sides of (3.16) and then taking expectations it follows that the function a 
satisfies s(/3a) = fp's{a). Similarly, one derives from (3.15) that cr^,,,^ — a\^a\^2p{a^b), 
where p{a,b) := Cov{aaWa,(TbWb). Equation (3.15) yields for cgU* 

p{a + c,b) = Coy{aa+cWa+c, (^bWb) 

= Cov(CTaWa + CTcWc, CTfcWfc) 

= p{a,b)+p{c, b), 

which implies together with properties of the covariance that p is a bilinear form. Thus 
the function 

Q:U* xU* ^-R, Q{a, b) := s{a + 6) - s{a) - s{b) = 2p{a, b) (3.17) 
is a bilinear form and s is thus a quadratic form. □ 

The cylindrical process X = {X{t) : t^Q) is called adapted to a given filtration {J^t}t^o, 
if X{t)a is JF(-measurable for all f ^ and all a E U* . The cylindrical process X is 
said to have weakly independent increments if for all ^ to < < ■ ■ ■ < tn and all 
ai, . . . , a„ e U* the random variables 

{X{ti) - X{to))ai, . . . , {X{tn) - X{tn-l))an 

are independent. 

Definition 3.2. An adapted cylindrical process {L{t) : t ^ 0) is called a weakly cylin- 
drical Levy process if 

(a) for all a\, . . . ,an € U* and n € N the stochastic process [{L{t){a\, . . . ,an) t ^ O) 
is a Levy process in R" . 

By Definition 3.2 the random variable L(l)(ai, . . . ,a„) is infinitely divisible for all ai , . . . ,a„ e 
U* and the equation (3.12) implies that the cylindrical distribution of L(l) is an infinitely 
divisible cylindrical measure. 
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Example 3.3. An adapted cylindrical process {W{t) : i ^ 0) in t/ is called a weakly 
cylindrical Wiener process, if for all ai , . . . , a„ e U* and n e N the R"-valued stochastic 
process 

{{W{t){ai,...,an) : t^O) 

is a Wiener process in R". Here we call an adapted stochastic process {X{t) : t ^ 0) 
in R" a Wiener process if the increments X{t) — X{s) are independent, stationary and 
normally distributed with expectation E[X{t) — X{s)] = and covariance Cov[X{t) — 
X{s), X{t) — X{s)] = |t — s| C for a non-negative definite symmetric matrix C. If C = Id 
we call X a standard Wiener process. Obviously, a weakly cylindrical Wiener process 
is an example of a weakly cylindrical Levy process. The characteristic function of W is 
given by 

Vw{t)ia) = exp (-its(a)) , 

where s : [/* — > R+ is a quadratic form, see [11] for more details on cylindrical Wiener 
processes. 

Example 3.4. Let ( be an element in the algebraic dual U*' , i.e. a linear function 
: U* M, which is not necessarily continuous. Then 

X -.U* ^ L°{n,J',P), Xa:=C{a) 

defines a cylindrical random variable. We call its cylindrical distribution fj, a cylindrical 
Dirac measure in C,. It follows that 

ipx{a) = ip^{a) = e'f(") for all a&U*. 

We define the cylindrical Poisson process {L{t) : t > 0) by 

L{t)a := C(a) n{t) for all t > 0, 

where {n{t) : t ^ 0) is a real valued Poisson process with intensity A > 0. It turns 
out that the cylindrical Poisson process is another example of a weakly cylindrical Levy 
process with characteristic function 

<Pi(t)(a)=exp(At (e^«('^)-l 

Example 3.5. Let (Yfe : fc G N) be a sequence of cylindrical random variables each 
having cylindrical distribution p and such that {Yka : k € N} is independent for all 
a E U* . If {n{t) : t ^ 0) is a real valued Poisson process of intensity A > which is 
independent of {Y^a : /e G N, a S [/*} then the cylindrical compound Poisson process 
{L{t) : t > 0) is defined by 

L{t)a:=r' ifi = 0, foj. all a e f7*. 

\Yia-\ l-F„(()0, else. 

The cylindrical compound Poisson process is a weakly cylindrical Levy process with 
VL(t){a) = exp (^t\J^ (e^<"'<^> - l) p{du)j . 
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Example 3.6. Let p be a Levy measure on R and A be a positive measure on a set 
O C R''. In the monograph [8] by Peszat and Zabczyk an impulsive cylindrical process on 
L'^{0,B{0), X) is introduced in the following way: let tt be the Poisson random measure 
on [0, oo) X O X R with intensity measure ds \{d^) p{d(3) . Then for all measurable functions 
/ : O — » R with compact support a random variable is defined by 

Z{t)f-= f I I f{^)PHds,d^,dp) 
Jo Jo Jtr 

in L^(p.,J-,P) under the simplifying assumption that 

/ 0^ p{df3) < oo. 
Jtr. 

It turns out that the definition of Z{t) can be extended to all / in L^{0,B{0), X) so 

that Z = {Z{t) : f ^ 0) is a cylindrical process in the Hilbert space L'^{0,B{0), X). 
Moreover, {Z{t)f : i > 0) is a Levy process for every / € L'^{0,B{0), X) and Z has the 
characteristic function 

^z(t)(/) = exp (tJ^J^^^^^ (e^^'^^'' - 1 - PidP) A(dO j , (3.18) 

see Prop. 7.4 in [8] . 

To consider this example in our setting we set U = L'^{0,B{0), X) and identify U* with 
U. By the results mentioned above and if we assume weakly independent increments, 
Lemma 3.8 tells us that the cylindrical process Z is a weakly cylindrical Levy process 
in accordance with our Definition 3.2. By Corollary 2.7 it follows that there exists a 
cylindrical Levy measure ly on Z{U) such that v o is the Levy measure of {Z(t)f : 
t > 0) for all f G U*. But on the other hand, if we define a measure by 

j./:e(R)^[0,oo], MB):= [ [lBWiO)pmKdO 

Jo Jb. 

we can rewrite (3.18) as 

^z(t) (/) = exp ( i / (e^'3 -l-if3) Vf {dp) ] 

and by the uniqueness of the characteristics of a Levy process we see that Vf = v o 
for all f eU*. 

Example 3.7. A cylindrical process {L{t) : t > 0) is induced by a stochastic process 
iX{t) : t ^ 0) on [/ if 

L{t)a= {X{t),a) for all aeU*. 

If X is a Levy process on U then the induced process L is a weakly cylindrical Levy 
process with the same characteristic function as X. 

Our definition of a weakly cylindrical Levy process is an obvious extension of the def- 
inition of a finite-dimensional Levy processes and is exactly in the spirit of cylindrical 
processes. The multidimensional formulation in Definition 3.2 would already be necessary 
to define a finite-dimensional Levy process by this approach and it allows us to conclude 
that a weakly cylindrical Levy process has weakly independent increments. The latter 
property is exactly what is needed in addition to a one-dimensional formulation: 
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Lemma 3.8. For an adapted cylindrical process L = {L{t) : f > 0) the following are 

equivalent: 

(a) L is a weakly cylindrical Levy process; 

(b) (i) L has weakly independent increments; 

(ii) {L{t)a : t ^ 0) is a Levy process for all a & U*. 

Proof. We have only to show that (b) imphes (a) for which we fix some ai, . . . , a„ € ?7*. 
Because (3.13) imphes that the characteristic functions satisfy 

'fi{L{t)-L{s)){ai,...,an){(^) = </'(L(t)-i(s))(/3ioi+-+0„a„) (1) 

for all /3 = (/?!, . . . , /?„) G M" the condition (ii) implies that the increments of {{L{t)ai, . . . , Z/(t)a„)) : 
t ^ 0) are stationary. The assumption (i) implies that 

{L{ti) - L{to))aki,. . . , {L{tn) - L{tn-i))ak^ 

arc independent for all /ci , . . . , fc„ G {1, . . . , n} and all ^ to < ■ ■ ■ < tn- If follows that 
the n-dimensional random variables 

{L{ti) - L{to)){ai, On), {L{tn) - L{tn-i)){ai, . . . , a„) 

arc independent which shows the independent increments of {L(t){ai, . . . ,a„) : t ^ 0). 
The stochastic continuity follows by the following estimate, where we use | • to denote 
the Euclidean norm in R" and c > 0: 

n 

P{\{L{t)au L{t)an)\n > c) = P {\L{t)a^\^ + ■■■ + |L(t)a„|' > c^) ^ P {\L{t)ak\ > ^) , 

fe=i 

which completes the proof. □ 

Because {L{t)a : t ^ 0) is a one-dimensional Levy process, we may take a cadlag ver- 
sion (see e.g. Chapter 2 of [1]). Then for every a £ U* the one-dimensional Levy-Ito 
decomposition implies P-a.s. 

L{t)a = Cat + aaWa{t)+ [ l3Na{t,dP)+ [ PNa{t,dP), (3.19) 

J0<|/3|^1 J\0\>i 

where Co S R, aa ^ 0, {Wa{t) : f > 0) is a real valued standard Wiener process and Na 
is the Poisson random measure defined by 

Na{t,B)= lB(AL(s)a) for B e B(R\{0}), 

where A(/(s)) f{s) — /(s— ) for any cadlag fmiction / : R — > R. The Poisson random 
measure Na gives rise to the Levy measure i^a by 

iya{B) := E[Na{l,B)] for B e B(R\{0}). 
The compensated Poisson random measure Na is then defined by 

Nait,B) ■.= Na{t,B)-tVa{B). 
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Note, that all terms in the sum on the right hand side of (3.19) are independent for each 
fixed a G U*. Combining with the Levy-Khintchine formula in Theorem 2.7 yields that 

Ca = r{a), Ua = s{a) and f„ = z/ o 

for all a G U* , where r, s and are the characteristics associated to the infinitely divisible 
cylindrical distribution of L{1). 

By using the Levy-Ito decomposition (3.19) for the one- dimensional projections we define 
for each t^O 

W{t) : U* ^ L^{n,J^,P), W{t)a := s{a)Wa{t), 

M{t):U* ^ L^{Q.,J^,P), M{t)a:= [ /3N^{t,d/3), 

P{t) : U* ^ L°{n,J^,P), P{t)a := / pNa{t,dP). 

^I/3|>1 

The one-dimensional Levy-Ito decomposition (3.19) is now of the form 

L{t)a = r{a)t + W{t)a + M{t)a + P{t)a for all aeU*. (3.20) 

Theorem 3.9. Let L = {L{t) : t ^ 0) be a weakly cylindrical Levy process in U. Then 
L satisfies (3.20) (almost surely) where 

{W{t) : t ^ 0) is a weakly cylindrical Wiener process, 
{r{-)t + M{t) + P{t) : t^ 0) is a cylindrical process. 

Proof. By (3.20) we know that 

L{t)a = r{a)t + W{t)a + R{t)a for all a e [/*, 

where R{t)a = M{t)a + P{t)a. By applying this representation to every component of 
the n-dimensional stochastic process {L{t){ai, . . . , an) ■ t > 0) for ai, . . . , a„ e ?7* we 
obtain 

L{t){ai, . . . , a„) = (r(ai), . . . , r(a„))t + (W(t)ai, . . . , W{t)an) + iR{t)au i?(t)a„). 

But on the other hand the n-dimensional Levy process {L{t){ai, . . . ,o„) : t ^ 0) also 
has a Levy-Ito decomposition where the Gaussian part is an ]R"-valued Wiener pro- 
cess. By uniqueness of the decomposition it follows that the Gaussian part equals 
{{W{t)ai, . . . ,W{t)an) : f > 0) (a.s.) which ensures that the latter is indeed a weakly 

cylindrical Wiener process (see the definition in Example 3.3). 

Because L and W are cylindrical processes it follows that a i-^ r{a)t + M{t)a + P{t)a is 
also linear which completes the proof. □ 

One might expect that the random functions P and M are also cylindrical processes, i.e. 
linear mappings. But the following example shows that this is not true in general: 

Example 3.10. Let {L{t) : t > 0) be the cylindrical Poisson process from Example 3.4. 
We obtain 

N4t,B)= J2 lB(C(a)An(s)) 

se[o,t] 

= lB(C(a))n(i) 
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for all a e [/* and B € S(R\{0}). The image measures u o a ^ of the cylindrical Levy 
measure v oi L are given by 

u o a-\B) = E[Na{l, B)] = MCia)) X- 

Then we have 

P{t)a = [ (3Na{t,d(3)= AL(s) l{|^|>i}(AL(s)) 
■'\f^>^ selo,t] 

= C(a) An(s)l{|^|>i}(C(a)An(s)) 
se[o,t] 

= C(aMi)l{|/3|>i}(C(a))- 

We obtain analogously that 

M{t)a= [ pNa{t,dl3)= [ f3Nait,dl3)-t [ f3 o a-^){dp) 
J\l3\^i J|/3|s:i J\p\<i 

= C(a)(n(t) - U) l{|^|^i}(C(a)). 

Defining the term r by 

r(a) = Al{|^l^i}(C(a)) 

gives the Lcvy-Ito decomposition (3.20). But it is easy to see that none of the terms 
P{t), M[t) and r is linear because the truncation function 

l{|/j|^i}(C(a)) 

is not linear. 

For an arbitrary truncation function /la : IR — > R+ which might even depend on a G U* 
a similar calculation shows the non-linearity of the analogous terms. 

Example 3.11. Let {L{t) : f ^ 0) be the cylindrical compoimd Poisson process intro- 
duced in Example 3.5. If we define for a € U* a, sequence of stopping times recursively 
by := and := M{t > T^_^ : |AL(t)a| > 1} then it follows that 

/ f3N^{t,d/3) = Ji(a) + • • • + Jjv„(t,i3f)(«)' 

^I/3|>1 

where = {/? e R : |/?| > 1} and 

Ma):^ f pNa{T:,d(3)- f p Na{T^_^,dP). 

J\0\>1 J\I3\>1 



We say that a cylindrical Levy process {L{t), i > 0) is weak order 2 li E \L{t)a\^ < oo for 
all a €: U* and t ^ 0. In this case, we can decompose L according to 

L{t)a = r2{a)t + W{t)a + M2{t)a for all a G J7*, (3.21) 

where r2(a) = r(a) + /3j^a(c^/?) and 

M2it):U* ^L''{n,J^,P), M2{t)a~ [ l3Na{t,df3). 

Jm\{o} 

In this representation it turns out that all terms are linear: 
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Corollary 3.12. Let L ~ {L{t) : t ^ 0) be a weakly cylindrical Levy process of weak 
order 2 on U . Then L satisfies (3.21) with 

r2 : /7* — > ]R linear, 

{W{t) : t ^ 0) is a weakly cylindrical Wiener process, 
{M2{t)) : t 0) is a cylindrical process. 

Proof. Let a,b G U* and 7 G R. Taking expectation in (3.21) yields 

r2{ja + b)t = E[L{t){'ya + b)] = 'yE[L{t)a] + E[L{t)b] = jr2{a)t + r2{b)t. 

Thus, r2 is linear and since also W and L in (3.21) are linear it follows that M2 is a 

cylindrical process. □ 

But our next example shows that the assumption of finite second moments is not neces- 
sary for a "cylindrical" version of the Levy-Ito decomposition: 

Example 3.13. Let {L{t) : t > 0) be a weakly cylindrical Levy process which is induced 
by a Levy process {X{t) : t'^0)onU, i.e. 

L{t)a = {X{t), a) for aU aGU*,t^O. 

The Levy process X can be decomposed according to 

X{t) = rt + W{t)+ [ uY{t,du)+ [ uY{t,du), 

where r £U, {W{t) : t ^ 0) is an [/-valued Wiener process and 

Y{t,C)= lc{AX{s)) foi CeB{U), 

sG[0,t] 

see [12]. Obviously, the cylindrical Levy process L is decomposed according to 

L{t)a = {r,a)t + {W{t),a) + { uY{t,du),a) + { uY{t,du),a), 

Jq<\\u\\^1 J||ti||>l 

for all a & U*. All terms appearing in this decomposition are linear even for a Levy 
process X without existing weak second moments, i.e. with E{X{1), a)^ = 00. 
More specificially and for comparison with Example 3.10 let (X(t) : t ^ 0) be a Poisson 
process on U, i.e. X{t) = uon{t) where uq & U and (n(t) : i > 0) is a real valued Poisson 
process with intensity A > 0. Then we obtain 

io<||u||^i I {n{t) - Xt)uo, \\uo\\ ^ 1. 



4 Integration 

For the rest of this paper we will always assume that our cylindrical Levy process 
{L{t),t > 0) is weakly cddldg, i.e. the one-dimensional Levy processes {L{t)a,t > 0) 
are cadlag for all a G U* . 



16 



4.1 CovEiriance operator 

Let -L be a weakly cylindrical Levy process of weak order 2 with decomposition (3.21). 
Then the prescription 

M2{t):U* ^L\n,J^,P), M2it)a= [ pN^{t,d(3) (4.22) 

Jts\{o} 

defines a cylindrical process (M2(t) : i > 0) which has weak second moments. Thus, we 
can define the covariance operators: 

Q2{t) : U* ^ U*', {Q2{t)a){b) = E [{M2{t)a){M2{t)b)] 



= E 



l3Na{t,dl3) / l3Nb{t,dl3) 

R\{o} y \j^\{o} , 



where IJ*' denotes the algebraic dual of U* . In general one can not assume that the 
image Q2{t)a is in the bidual space U** or even U as one might expect for ordinary 
U -valued stochastic processes with weak second moments. We give a counterexample for 
that fact after we know that there is no need to consider all times t: 

Lemma 4.1. We have Q2{t) = tQ2{l) for all t ^ 0. 

Proof. The characteristic function of the 2-dimensional random variable (M2 (i)^> -^2 {t)b) 
satisfies for all /3i , /32 G 

¥>M,{t)a,M2it)biPl, P2) =E[exp{i{piM2it)a + P2M2{t)b))] 
= ^[exp(iM2(t)(/3ia + /326))] 
= (^[exp(iM2(l)(/3ia + /326))])* 

= (<^M2(l)a,M2(l)fe(/3l,/?2))* • 

This relation enables us to calculate 

■^^-^VM2{t)a,M2{t)bif^l, [^2) 
Op2 Opi 

= dp^'g^ (</?M2(l)a,M2(l)6(/3l,/32))* 

d d 

= t{t- 1) (v3M2(1)o,M2(1)6(/3ij/32)) -^<PM2(l)a,M2(l)6(/3l7/32)-^<PM2(l)a,M2(l)6(/3l,/?2) 

op2 dpi 
t 1 d d 

+ t {ipM2(l)a,M2{b){Pl, P2)) -g^-g^^M2(l)a,M2(l)b{Pl, ^2)- 

By recalling that 

d 

^</'M2(l)a,M2(l)fc(/3l,/32)|/3i=0,/32=0 = I E[M2{l)a] = 0, 

the representation above of the derivative can be used to obtain 

-E[{M2{t)a){M2it)b)] = ^^<^M2(t)a,M2(t)6(/3l,/?2)|/3i=0,/32=0 

d d 

= t-gj^-Qp^VM2(l)a,M2(l)bif3l,f}2)\)3i=O,02=O 

= -tE[{M2{l)a){M2{m], 
which completes our proof. □ 
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Because of Lemma 4.1 we can simplify our notation and write Q2 for Q2(l)- 
Example 4.2. For the cylindrical Poisson process in Example 3.10 we have 

M2{t)= [ fiNa{t,d(})=C{a){n{t)-\t) for all a eC/*. 

iR\{0} 

It follows that 

{Q2a){h) = E[{M2{l)a){M2{l)h)] 
= C(a)C(6)S [|n(l) - A|'" 

= aa)cm- 

If we choose ( discontinuous then Q2(a) is discontinuous and thus Q2{a) ^ U** . 
Definition 4.3. The cylindrical process M2 is called strong if the covariance operator 



Q2:U*^ U*', Q2a{b) = E 



f /3Na{l,df3)] ( [ f3Nb{l,dP) 

J-SR.\{0} J \Jb.\{0} 



maps to U . 



Lemma 4.4. If the cylindrical Levy measure v of the cylindrical Levy process M2 extends 

to a Radon measure then M2 is strong. 

Proof. It is easily seen that the operator 

G -.U* ^ L^{U,B{U),p), Ga= (•, a) ![/(•) 
is a closed operator and therefore G is continuous. Thus, we have that 

((Q2a)(6))' E |M2(l)a|' E |M2(1)&|' 

= E\M2{l)af I 0^{vob-^){dl5) 
Jr\{o} 

= E\M2{l)a\' [ \{u,b)f v{du) 
Ju 

^E\M2{l)a\^\\G\\'\\b\\\ 
which completes the proof. □ 

If M2 is strong then the covariance operator Q2 is a symmetric positive linear operator 
which maps U* to U . A factorisation lemma (see e.g. Proposition 111.1.6 (p. 152) in [16]) 
implies that there exists a Hilbert subspace {Hq^, [■, ■]hq^) of U such that 

(a) Q2{U*) is dense in Hq^; 

(b) for all a,bGU* we have: [Q2a,Q2b]HQ2 = (Q2a, 6). 
Moreover, if ig^ denotes the natural embedding of Hq^ into U we have 

(c) Q2 = iQ2i*Q2- 

The Hilbert space Hq.^ is called the reproducing kernel Hilbert space associated with Q2- 
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Example 4.5. We have the following useful formulae: 

Cov(M2(l)a, M2(l)6) = {Q2a,b) = [i*Q,a,i*Q^b]H^^. 
In particular, we have 

E\M2il)a\^ = \\i*Q^a\\l^^. (4.23) 

Remark 4.6. Assume that {L{t) : t ^ 0) is a weakly cylindrical Levy process of weak 
order 2 in U with E[L{t)a] = for all a G U*. Then its decomposition according to 
Corollary 3.12 is given by 

L{t)a = W{t)a + M2{t)a for all aeU*, 

where W ~ (W{t) : i ^ 0) is a weakly cylindrical Wiener process and M2 is of the form 
(4.22) with covariance operator Q2. The covariance operator Qi of W, 

Q,:U*^ U*', (Oi(«))(fo) = E[iW{l)a){W{l)b)] 

may exhibit similar behaviour to Q2 in that it might be discontinuous, see [11] for an 
example. Consequently, we call L a strongly cylindrical Levy process of weak order 2 if 
both Qi and Q2 map to U. By independence of W and M2 it follows that 

Q:U* {Qa){b) := (Qia)(6) + (Q2a)(6) 

is the covariance operator of L. As before the operator Q can be factorised through a 
Hilbert space Hq. 



4.2 Representation as a Series 

Theorem 4.7. If the cylindrical process M2 of the form (4.22) is strong then there exist 
a Hilbert space H with an orthonormal basis {ek)kGM, F G L{H, U) and uncorrelated real 
valued cddldg Levy processes {mk)keN such that 
00 

M2{t)a = '^{Fek,a)mk{t) in L'^{Q.,T,P) for all a &U* . (4.24) 
fc=i 

Proof. Let Q2 : U* U he the covariance operator of M2(l) and H = Hq^ its repro- 
ducing kernel Hilbert space with the inclusion mapping ig^ : H ^ U (see the comments 
after Lemma 4.4). Because the range of i*Q^ is dense in H and H is separable there 
exists an orthonormal basis {ek)keM Crange(iQ^) of H. We choose Ok G U* such that 
i*Q.^cik = Ck for all fc S N and define mk{t) := M2(t)ak- Then by using the equation 
(4.23) we obtain that 



E 



'^{iQ2ek,a)mk{t) - M2{t)a 



fe=i 



= E 



= t 



M2{t) I ^{iQ2ek,a)ak - a 
\fc=i 

'*Q2 ^{iQ2^k,a)ak - a 



Kk=l 



H 



fe=i 



H 



for n — > 00. 



19 



Thus, M2 has the required representation and it remains to estabhsh that the Levy 
processes nik := {mk{t) : t ^ 0) are uncorrelated. For any s and € N we have: 

E[mk{s)mi{t)] = E[M2{s)akM2{t)ai] 

= E[M2{s)ak{M2{t)ai - M2(s)a;)] + E[M2{s)akM2{s)ai]. 

The first term is zero by Lemma 3.8 and for the second term we obtain 

E[M2{s)akM2{s)ai\ = s{Q2ak, ai) = s[i*Q^ak, i*Q^ai]H = s[ek, ei]H = s4,;- 

Hence, mk(s) and niiit) are uncorrelated. □ 

Remeirk 4.8. The proof of Theorem 4.7 shows that the real valued Levy processes mk 
can be chosen as 

mk{t) = PNau {t, d/3) for all t > 0, 

Jb.\{0} 

where is the compensated Poisson random measure. Because of the choice of ak the 
relation (4.23) yields that 

E \mk{t)\^ = tE |M2(l)afc|2 = t ||«Q,afe||5,^^ = t \\ek\\l^^ = t (4.25) 

for all fc e N implying that 

/ f3''{uoa^^){dp) = l. (4.26) 

J]R\{0} 

An interesting question is the reverse implication of Theorem 4.7. Under which condition 
on a family {mk)kG¥! of real valued Levy processes can we construct a cylindrical Levy 
process via the sum (4.24)? 

Remark 4.9. Let {L{t) : t > 0) be a strongly cylindrical Levy process with decom- 
position L{t) = W{t) + M2{t). By Remark 4.6 the covariance operator Q of L can be 
factorised through a Hilbert space Hq and so Theorem 4.7 can be generalised as follows. 
There exist an orthonormal basis {ek)keJti of Hq, F G L{Hq,U) and uncorrelated real 
valued Levy processes {mk)keJti such that 

00 

L{t)a = ^{Fek,a)mk{t) in L^ifl^J',?) for all a G U* . 

k=l 

As the stochastic processes ruk can be choosen as mk{t) = L{t)ak for some ak S U* it 
follows that for alH > 0, A; e N 

mk{t) = W{t)ak + [ PNadt,dl3). 

JR\{0} 

4.3 Integration 

In this section we introduce a cylindrical integral with respect to the cylindrical process 

M2 = {M2{t) : < ^ 0) in 17. Because M2 has weakly independent increments and is of 
weak order 2 we can closely follow the analysis for a cylindrical Wiener process as was 
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considered in [11]. The integrand is a stochastic process with vahies in L{U,V), the set 
of bounded Unear operators from U to V, where V denotes a separable Banach space. 
For that purpose we assume for M2 the representation according to Theorem 4.7: 

00 

M2{t)a = ^{iQ^ek,a)mk{t) in L'^{n,T,P) for all a e U*, 
fe=i 

where Hq^ is the reproducing kernel Hilbert space of the covariance operator Q2 with 

the inclusion mapping iq^ : Hq.^ U and an orthonormal basis {ek)ke'!N of Hq^. The 
real valued Levy processes {mk{t) : t ^ 0) are defined by mk{t) = M2{t)ak for some 
ttfe e U* with igafe = Cfc, see Remark 4.8. 

Definition 4.10. The set C{U, V) contains all random variables $ : [0, T] x O — > L{U, V) 

such that: 

(a) (t, Lv) ^ $* {t, uj)J is B[0, T\® measurable for all f e V* ; 

(b) {t,Lo) {^{t,co)u, f) is predictable for all u & U and f &V* . 

rT 

(c) / E\\^*{s,-)f\\l,ds<^ forallf&V*. 

As usual we neglect the dependence of <!> G C{U,V) on uj and write $(s) for ^'(s,-) as 
well as for the dual process <f>*(s) := $*(s,-) where ^*{s,lo) e L{V,U) denotes the dual 
(or adjoint) operator of $(s, w) € L{U, V). 
We define the candidate for a stochastic integral: 

Definition 4.11. For $ e C{U, V) we defir 



we 



00 „t 

:= V / ms)iQ,ek, f) rukids) in L\n, P) 



for all f € V* andt€ [0,T]. 

For a predictable mapping /i : [0,t]xRxf2 — > R the stochastic integral /jQ^j^j^^^gj h{s,0)Na{ds,d0) 
exists if 

/ E [{his, Ua{d(3)ds< 00, 

J[0,t]xR\{0} 

see for example Chapter 4 in [1]. Thus, the stochastic integral 

/ ms)iQ^ek,f)mk{ds)= [ {^s)iQ^ek, f) Nak{ds,dl3) 

Jo J[0,t]xTR\{0} 

exists because property (c) in Definition 4.10 together with (4.26) implies 



J[0,t]xR\{0} 



(($(s)iQ,efc,/)/3)'] {i^oa^'){dP)ds 
= [ E\{{iQ,ek,^*{s)f)f] ds [ 0\uoa^'){d0) 

J[0,t] J]R\{0} 



^ WiQ.ekf f E\\^*{s)ff rfs<oo. 
Jo 



Before we establish that the sum of these integrals in Definition 4.11 converges we derive 
a simple generalisation of Ito's isometry for stochastic integrals with respect to compen- 
sated Poisson random measures. 
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Lemma 4.12. Let {hi{t) : f S [0, T]) for i = 1,2 be two predictable real valued processes 
with 



f E\h,{s)Y 
Jo 



ds < oo 



and let rrii := {M2{t)a : t G [0,T]) and TO2 := {M2{t)h : t G [0,r]) for a,b&U*. Then 
we have 



E 



J hi{s)mi{ds)j ij h2{s)m2{ds) 



= Cov(mi(l),m2(l))i; 
Proof. Let gi, i — 1,2, be simple processes of the form 

n-l 

9i{s) = ^i,o l{o}(s) + Yl ^i.fc l(t-=,tfe+i](«) 



Jo 



{s)h2{s) ds 



(4.27) 



k=l 



ioT = ti ^ t2 ^ ■ . . ^ tn = T and a sequence of random variables {^i,fe}fe=o,...,n-i such 
that £^i^k is -measurable and sup^^o n-i ICi.fel < P-a.s. We obtain 



E 



9i{s) mi{ds) 



9i{s) m2{ds) 



n-l 



= Cou(mi(l),m2(l))^S[^i,fe^2,fe](ife+i - tfe) 



fe=i 



= Cov{mi{l),m2{l))E 



I 9i{s)g2{s)ds 
Jo 



For the processes hi there exist simple processes {g^ ') of the form (4.27) such that 

10 



E 



for n ^ CO. 



{g^'\s)-hi{s)fds 
Ito's isometry implies that there exists a subsequence {nk)keK such that 

/ 9i^''\s) nii{ds) / hi{s)mi{ds) P-a.s. for A; — > oo 
Jo Jo 

for i = 1, 2. By applying Lebesgue's dominated convergence theorem we obtain 
E 



(4.28) 



^ 5^"'=)(s)mi(ds)j n g'i"'\s)m2{ds)\ ^E N h^{s) mi{ds)\ i j ^ h2{s)m2{d 



On the other hand, (4.28) implies that there exists a subsequence {nk)ke'N such that 

E[g'f^''\s) — hi{s)] Lebesgue almost everywhere for /c — > oo. 
Lebesgue's dominated convergence theorem again implies that 



Jo 



E 



g['"'\s)gi''^\s) 



ds 



f E[h 
Jo 



i(s)/i2(s)] ds for k ^ 00, 



which completes the proof. 



□ 
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Lemma 4.13. /*($) : V* L'^{n,!F,P) is a well-defined cylindrical random, variable 
in V which is independent of the representation of L, i.e. o/(e„)„gK and (a„)„g]N. 

Proof. We begin to establish the convergence in J^, P). For that, let m, n G N and 

we define for simplicity h{s) := iQ^^*{s)f. Doob's maximal inequality and Lemma 4.12 
imply 

2 



E 



^^P X] / {'^is)iQ^ek,f)mk{ds) 
o^t^T Jo 



fe=m+l 



^4 E 

k=m-\-l 

oo 



]R\{0} 



E 



[ek,h{s)]^^_^ ek,h{s) 



HQ2 



ds 



= 4 E E 

A:=m+1 i=m+l 



E 



HQ2 



ds 



= 4^ E||(Id-p„)Ms)fH<,, ^^s, 

where pm ■ Hq^ — » Hq^ denotes the projection onto the span of {ei, . . . , Cm}- Because 
||(Id — Pm)/i(s)||^^ P-a.s. for m ^ oo and 

r E\\ild-Pm)h{s)\\l^^ ds^\\i*QX,^Ho r E\\^*{s,-)f\\l, ds <00 

Jo Jo 

we obtain by Lebesgue's dominated convergence theorem the convergence in T, P). 

Because the processes {mk}kzK are uncorrelated Lemma 4.12 enables us to derive an 
analogue of Ito's isometry: 

2 _ 



E 



E / (*(«)«Q2efc,/)mfe(rfs) 



E^ 

k=l 



{^{s)iQ.,ek, f) mk{ds) 
y2E\mk{l)n E\ms)iQ,ek,f)f ds 

oo „t 

E / E [ek,ih.^*{s)f] 



(4.29) 



where we used (4.23) to obtain 

£|mfe(l)|^ = ||«Q2'^fe|r = ll^fell^ = 1- 

To prove the independence of the given representation of M2 let (rfi)iG]N be an other 
orthonormal basis of Hq.^ and wi e U* such that iq^wi = di and {ni{t) : t ^ 0) Levy 
processes defined by ni{t) = M2{t)wi. As before we define in L^{i},!F, P): 

it{^)f := E fms)iQji,f)ni{ds) for all / e V*. 

1=1-'^ 
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Lemma 4.12 enables us to compute the covariance: 



E 



{hi^)f){itmf) 

oo oo r fi 



fc=i 1=1 



-f 

Jo 

-f 

Jo 



E 



.fe=l i=l 



By using Ito's isometry (4.29) we obtain 

2" 



E 



0, 



i^t(*)/r 



2£; 



(/,($)/)(/,($)/) 



which proves the independence of /«($) on (efe)feg]N and (afe)fee]N- The linearity of 

is obvious and lience the proof is complete. □ 

Our next definition is not very surprising: 

Definition 4.14. For $ € C{U,V) we call the cylindrical random variable 



[ $(s)dM2(s) 
Jo 



a cylindrical stochastic integral with respect to M2. 

In the proof of Lemma 4.13 we already derived Ito's isometry: 



E 



^ ^s)dM2{s)jf = E\\i*Q^^*{s)f\\l^^ ds 



for all / e y* 



Remark 4.15. If a strongly cylindrical Levy process L is of the form L{t) = W{t)+M2{t) 
one can utilise the series representation in Remark 4.9 to define a stochastic integral with 
respect to L by the same approach as in this subsection. But on the other hand we can 
follow [2] and define 

j $(s) dL{s) := j $(s) dW{s) + j $(s) dM2{s), 

where the stochastic integral with respect to the cylindrical Wiener process W is defined 
analogously, see [11] for details. This approach allows even more flexibility because one 
can choose different integrands $1 and $2 for the two different integrals on the right 
hand side. 
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5 Cylindrical Ornstein-Uhlenbeck process 



Let be a separable Banach space and let {M2{t) : t > 0) be a strongly cylindrical Levy 
process of the form (4.22) on a separable Banach space U with covariance operator Q2 
and cylindrical Levy measure v. We consider the Cauchy problem 

dY{t) = AY{t) dt + C dM2{t) for alH ^ 0, 

Y{0) = Yo, 

where A : dom(y4.) (Z V V is the infinitesimal generator of a strongly continuous 
semigroup {S{t))t^Q on V and C : ?7 — > V is a linear, bounded operator. The initial 
condition is given by a cylindrical random variable Yq : V* ^ L°(r^, JF, P). In addition, 
we assume that Yq is continuous when L°(f2,J^, P) is equipped with the topology of 
convergence in probability. 

Remark 5.1. In this section we focus on the random noise M2 for simplicity. But 
because of Remark 4.15 our results in this section on the Cauchy problem (5.30) can 
easily be generalised to the Cauchy problem of the form 

dY{t) = AY{t) dt + Ci dW{t) + C2 dA'hit), 

where (VK(i) : t ^ 0) is a strongly cylindrical Wiener process. 

To find an appropriate meaning of a solution of (5.30) let T : dom(T) C f/ ^ F be a 
closed densely defined linear operator acting with dual operator T* : dom(r*) C V^* ^ 
U* . If X is a cylindrical random variable in U then we obtain a linear map TX with 
domain dom(r*) by the prescription 

TX : dom(r*) C V* L°(fi,jr,P), (TX)a := X{T*a). 

If dom(T*) = V* then TX defines a new cylindrical random variable in V. If fix denotes 
the cylindrical distribution of X then the cylindrical distribution fiTX of TX is given by 

fiTx{Z{ai, a„; B)) = iix{Z{T*ai, T*an] B)), 

for all ai, . . . , a„ e F*, S e S(R") and n e ]N. By applying this definition the operator 
C appearing in the Cauchy problem (5.30) defines a new cylindrical process CM2 := 
(CM2(i) : i > 0) in y by 

CM2 {t)a = M2 (t) {C* a) for all a&V*. 

The cylindrical process CM2 is a cylindrical Levy process in V with covariance operator 
CQ2C* and cylindrical Levy measure i'cm2 given by 

i^CM2{Z{ai, . . . , a„; B)) = L'M2{Z{C*ai, C*an; B)). 

Definition 5.2. An adapted, cylindrical process {Y{t) : t ^ 0) in V is called a weak 
cylindrical solution of (5.30) if 

Y{t)a = Yoa+ [ AY{s)a ds + {CM2{t))a for all a e dom{A*). 
Jo 

Definition 5.2 extends the concept of a solution of stochastic Cauchy problems on a 
Hilbert space or a Banach space driven by a Levy process to the cylindrical situation, see 
[9] for the case of a Hilbert space and [12] for the case of a Banach space. The following 
example illustrates this generalisation. 
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Example 5.3. Let A'' be a compensated Poisson random measure in U. Then a weak 
solution of 



dZ{t) = AZ{t) dt+ [ C dN{dt, du) for all t > 0, 

"'o<||«|| (5.31) 

^(0) = Zo 

is a stochastic process Z = {Z(t) : i > 0) in V such that P-a.s. 

{Z{t),a) = {Z{0),a)+ [ {Z{s),A*a)ds+ [ {C{u),a) N{ds,du) (5.32) 

Jo J[0,t]xU 

for all a € dom(A*) and t > 0. These kinds of equations in Hilbert spaces are considered 

in [2] and [8] and in Banach spaces in [12]. 

If we define a cylindrical Levy process (M2(t) : f > 0) by 

M2{t)a:= / {u,a) N{t,du), 
Ju 

then it follows that the induced cyhndrical process {Y{t) : t ^ 0) with Y{t)a = {Z{t),a) 
where Z is a weak solution of (5.31) is a weak cylindrical solution of 

dY{t) = AY{t) dt + C dM2{t), 
Y{0) = Yo 

in the sense of Definition 5.2 with Yqc := {Zq, a). 

A Cauchy problem of the form (5.31) might not have a solution in the traditional sense. 
But a cylindrical solution always exists: 

Theorem 5.4. For every Cauchy problem of the form (5.30) there exists a unique weak 
cylindrical solution {Y{t) : t ^ 0) which is given by 

Y{t) = S{t)YQ+ [ S{t - s)C dM2{s) forallt^O. 
Jo 

Proof. We define the stochastic convolution by the cylindrical random variable 

X{t):= I S{t - v)C dM2{v) for alH > 0. 
Jo 

To ensure that the cylindrical stochastic integral exists we need only to check that the 
integrand satisfies the condition (c) in Definition 4.10 which follows from 

/■* ,2 /■* 2 

/ ^S*{t — v)a^y, dv = / \\S{v)a^y dv < oo, 
Jo Jo 

because of the exponential estimate of the growth of semigroups, i.e. 

||S'(t)a||^, < Ce'^* for all t > 0, (5.33) 
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where C E (0, oc) and 7 € ]R are some constants. By using standard properties of 
strongly continuous semigroups we calculate for a £ V* that 

/ AX{r)adr= [ X{r){A*a)dr 
Jo Jo 

= / {Sir-v)CiQ2ek,A*a)mkidv)dr 

Jo 

= X] / / {S{r-v)CiQ^ek,A*a)drmk{dv) 

^0 Jr 



'0 Jr 

= y] / {CiQ^ek,S*{t-v)a-a)mk{dv) 

= X{t)a- M2{t){C*a), (5.34) 

where we have used the stochastic Fubini theorem for Poisson stochastic integrals (see 
Theorem 5 in [2]), the application of which is justified by the estimate (5.33). For 
convenience we define 

Z{t) := S{t)Yo for all t > 0. 

Proposition 1.2.2 in [17] guarantees that the adjoint semigroup satisfies 

t 

S*{r)A*adr = S*{t)a - a for ah a G dom(A*), 



in the sense of Bochner integrals. Thus, we have 

AZ{r)adr= I Yo{S* {r)A* a) dr = Yq [ S*{r)A*adr ^ Z{t)a -Yqu. 
Jo Jo 

The assumption on the continuity of the initial condition Yq enables the change of the 
integration and the application of the initial condition Yq. Together with (5.34) this 
completes our proof. □ 

The cylindrical process {Y{t) : t ^ 0) given in Theorem 5.4 is called a cylindrical 

Ornstein- Uhlenbeck process. 

For all t ^ 0, let Cf (fi, V) be the linear space of all adapted cylindrical random variables 
in V which are ^j-measurable. A family {Zs,t '■ < s < t} of mappings 

Zs,r- Csiiiv) ^ Ct{n,v) 

is called a cylindrical flow if Zt^t — Id and for each ^ r ^ s ^ t 

Zr,t = ^s,t O Zr,s -P-a.S. 

In relation to the cylindrical Ornstein-Uhlenbeck process in Theorem 5.4 we define 

Zs,tX:=S{t-s)X+ I S{t-r)CdM2{r) for (7^(0, F) (5.35) 

J s 

and for all < s ^ 
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Proposition 5.5. 

(a) The family {Zs,t '■ ^ s ^t} as given by (5.35) is a cylindrical flow. 

(b) For all Oi, . . . , a„ G U* the stochastAc process {Y{t){ai, . . . , an) : t ^ 0) in R" is a 

time-hom,ogeneous Markov process. 

Proof, (a) This is established by essentially the same argument as that given in the proof 
of Proposition 4.1 of [2]. 

(b) For each 0< s<t, a(„) = (ai, . . . , a„) e V*", / e Bb{lC),n e N, we have 



E 



f{Y{t){au...,an)m 

= E 



f{Zo^tYiO)ai,...,Zo^tYiO)an)\Ts 
f{{Zs,t o Zo,,)r(0)ai, . . . , (Z,,t o Zo,,)r(0)a„) I 

f{S{t-s)Zo,sY{0){au...,a„)+( f 5(t - n)CdM2(w) ) (ai, . . . , a„))|jr, 



= E 
= E 



Now since the random vector ^ S{t — u)C dM2{u)^ a^^^ is measurable with respect to 

(T {{Al2{v)a — M2{u)a; s<u<v<t, aG V*}) we can use standard arguments for prov- 
ing the Markov property for SDEs driven by R"-valued Levy processes (see e.g. section 
6.4.2 in [1]) to deduce that 



E 



f{Y{t){au.-.,an))\J's 



E 



f{Y{t){ai,...,an))\Y{s){au...,an) 



which completes the proof. 



□ 



Although the Markov process {Y{t) a(n) : t > 0) is a projection of a cylindrical Ornstein- 

Uhlenbeck process it is not in general an Ornstein-Uhlenbeck process in R" in its own 
right. Indeed, if this were to be the case we would expect to be able to find for every 
a(n) S y*" a matrix (3a(„) e R"^" and a Levy process (Za(„) (t) : 0) in R" such that 

Y{t) a(„) = e*^^") y (0) a(„) + e'*-'^'^^") C dl,^^^ (s)^ . 

That this does not hold in general is shown by the following example: 

Example 5.6. On the Banach space V = L*'(R), p > 1 we define the translation 
semigroup {S{t))t^o by {S{t)f)x = f{x + t) for f £ V. For an arbitrary real valued 
random variable ^ e L°{Q,!F,P) we define the initial condition by Yog :— g{^) for all 
g e -L'(R) where + p~^ = 1. Then we obtain 

{S{t)Yo)g = YoS*{t)g = g{^ - t) for every g e L«(R). 

If {Y{t)g : 0) were an Ornstein-Uhlenbeck process it follows that there exists Ag e R 
and a random variable C,g such that 



<7(e-0=e^''C 



P-a.s. 



(5.36) 



To see that the last line cannot be satisfied take g = l(o,i) and take ^ to be a Bernoulli 
random variable. Then we have 

,g(e-i) = 1(0,1) (^-0=?l(o,i)(0, 
which cannot be of the form (5.36). 
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It follows from the Markov property that for each a(,i) G V*" there exists a semigroup of 
linear operators {Tg,^^^{t) : t ^ 0) defined for each / G Bb{]R") by 

T.,^,{t)m = mY{t) a(n))|F(0) a(„) = /?]. 
The semigroup is of cylindrical Mehler type in that for all b gV, 

Ta(„,(t)/(7ra(„,&)= / f{7rs'(t)a^^^b + 7r,^^^y)pt{dy), (5.37) 
where pt is the cylindrical law of Jg S{t — s)C dM2{s). 

We say that the cylindrical Ornstcin-Uhlcnbcck process Y has an invariant cylindrical 
measure p. if for all a(n) = (ai, . . . , a„) G V*^ and / G i?(,(IR-") we have 

/ Ta(„, it)m in o n-l){dl3) = [ m in o n-l^){d0) for all t > 0, (5.38) 

or equivalently 

/ T,(„, (t)/(7ra,„) b) n{dh) = [ /(7ra(„, b) ii{db) for all t > 0. 
Jv Jv 

By combining (5.38) with (5.37) we deduce that a cylindrical measure p is an invariant 
measure for {Y{t) : t > 0) if and only if it is self-decomposable in the sense that 

M O =IIO TT- * Pt O TT-l, 

for all t > 0, a(„) G V*". 
Proposition 5.7. 

(a) For eac/i a gV* the following are equivalent: 

(i) pt o converges weakly as t ^ oo; 

J S{r)C dM2{r)^ a converges in distribution as t ^ oo. 

(b) If Pt o converges weakly for every a gV* then the prescription 

Poo ■■ Z{V) [0, 1], Poo{Z{ai, . . . ,a„;B)) := wfc- lim pt o n~} {B) 



(ii) 



defines an invariant cylindrical measure p^o for Y. Moreover, if p is another such 
cylindrical measure then 



where ^ is a cylindrical measure such that 7 o tt^^^^ =70 TTgl^^^ ^ for allt^O. 

(c) // an invariant measure exists then it is unique if {S{t) : t ^ 0) is stable, i.e. 
limt^oo S{t)x = for all x gV . 

Proof. The arguments of Lemma 3.1, Proposition 3.2 and Corollary 6.2 in [4] can be 
easily adapted to our situation. □ 
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In order to derive a simple sufficient condition implying the existence of a unique invariant 
cylindrical measure we assume that the semigroup {S{t) : t > 0) is exponentially stable, 
i.e. there exists ii > 1, A > such that \\S{t)\\ < iie"^* for all t^O. 

Corollary 5.8. 

// {S{t) : t 0) is exponentially stable then there exists a unique invariant cylindrical 
measure. 

Proof. For every ti > t2 > and a G V* the Ito's isometry (4.29) implies that 



E 



(^J^ S{r)CdM2{r) 



= r VQ.C*S*{r)a\\\ dr 
WiQ^WCW'M' r\\S{r)fdr 



— > as fi, f2 — > oo, 

because of the exponential stability. Consequently, the integral {^f^ S{r)C dM2{r')^ a 
converges in mean square and Proposition 5.7 completes the proof. □ 

An obvious and important question is whether a cylindrical Ornstein-Uhlenbeck process 

is induced by a stochastic process in V . This will be the objective of forthcoming work but 
here we give a straightforward result in this direction, within the Hilbert space setting: 

Lemma 5.9. Let V he a separable Hilbert space and assume that 



oo 



^feefell dr < oo for all f^O. 



If the initial condition Yq is induced by a random variable in V then the cylindrical weak 
solution Y of (5.30) is induced by a stochastic process in V. 

Proof. For all m < n 



E 



2 


n . 


k 


^ L 



E / S{t-r)CiQ,ekmk{dr) = E / \\S{r)CiQ,ek\f dr ^ 



as m, n — > oo. 



and it follows by completeness that there exists a V- valued random variable Z in L'^{Q, P 
such that 



oo 

Z = J2 S{t-r)CiQ,ekmk{dr) in L''{n,J^, P;V), 



which completes the proof by Theorem 5.4. 



□ 
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